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O ■ 

' Abstract. We introduce a new norm, called iV^'-norm {I < p < 

oo) on a space NP{V,W) where V and W are abstract opera- 
te ' tor spaces. By proving some fundamental properties of the space 
^) , NP{V, W), we also discover that if W is complete, then the space 
' NP{V,W) is also a Banach space with respect to this norm for 

1 < p < CJO. 

<'■ 

O: 

! Introduction 

2 I For abstract operator spaces V and W, a (bounded) linear map 

, G^ . (f) : V ^ W provides another linear map (j)n '■ Mn{A) — > Mn{B) defined 

■ by 

> ; <Pni{a^J)) = (0(a»j)) 

where n = 1, 2, If a sequence belongs to then is said 

■ to be a completely bounded map. W. Stinespring [7] and W. Arveson 
! [1] introduced operator space theory related to complete boundedness 
I for a map (p : S B{K) where S C B[H) and H and K are Hilbert 
' spaces. It also appeared in the 1980s through the works of G. Wittstock 

[Slin] and V. Paulsen [2J. 

[ In this paper, we consider /^-norm (1 < p < oo) for the sequence 

^ ; {||0n||}5JLi- Since \\(f)i\\ < \\(p2\\ < H^sll < ■ • there is no nonzero map 

■ (p such that {||0n||}5JLi belongs to P. To put it another way, we define 
a new norm 



nP 

n=l 



and study a space Np{V, W) which is a vector space consisting of all 
linear maps (p : V W for which ||0||p < oo. Then \\-\\^ is a norm, 
called A^-norm, on the space Np{V, W) (1 < p < oo). 
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In section 2, we prove fundamental properties of the space N^^V, W){1 < 
p < oo), for example, 

(i) NP{V, W) C N'^{V, W)iil<p<q<oo. 

(ii) U (t):V is completely bounded, then (f) e Np{V, W) for 
all p > 1, 

and wc characterize a (bounded) linear map (j) : V ^ W hy using the 
space NP{V, W), that is, the following statements are equivalent : 

(a) (p : V ^ W is a. (bounded) linear map. 

(b) (t> e NP{V, W) for any p > 2. 

The main results of this paper are given when W is complete as 
follows : 

(i) If W is complete, then the space B{V,W) with TV^-norm is a 
Banach space for 2 < p < oo. 

(ii) If W is complete, then so is Np{V, W) for 1 < p < oo. 

1. Preliminaries and Notation 

Let Wln^miV) denote the linear space of n x m matrices with entries 
from a linear space V and B{H) is the space of all bounded operators on 
a Hilbert space H with the operator norm. We write M„(]/) = M„^„(l^) 
and if F = C, we let M„ ^ = M„ j„(C) . We will denote a typical element 
oiM^{V)hy{vij). 

Definition 1.1. A (concrete) operator space V on a Hilbert space is a 
closed subspace ol B{H). 

If y is a concrete operator space, then the inclusion 

M„(\/) C M^{B{H)) = B{m) 

provides a norm || • on M„(y), and Mn{V) denotes the corre- 

sponding normed space. 

We define a matrix norm || • || on a linear space W to be an assign- 
ment of a norm || • the matrix space M„(l^) for each n e N. 

Definition 1.2. An abstract operator space is a linear space W to- 
gether with a matrix norm || • || for which 

• Ml 11^; e = max{||^;||M^(^) , and 

• M2 \\av/3\\^^^^^ < \\a\\ \\v\\^^^^) \\/3\\ 

for all V e Mm{W), w e M^{W) and a e M„,^, (5 e M„,„. 
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By a linear map on an abstract operator space V we mean a bounded 
linear map defined on V. We let M„(VF) denote M„(VF) with the given 
norm || ■ 

Given two abstract operator spaces V and W and a linear map (p : 
V — > W, we also obtain a linear map 0„ : M„(1/) — >• Mn(W) defined 
by 

(1-1) MKj)) = 

Since is a bounded map, each 0„ will also be bounded. 

Definition 1.3. [2J If sup^ ||0n.|| is finite, then (p is said to be a com- 
pletely bounded map. 

If (f) is completely bounded, then we set 

UWcb = SUp„||(^n|| , 

and CB{V, W) denotes the space of completely bounded maps from V 
to W. 

In Definition 11.31 we can also define a completely bounded map as 
follows : 

If a sequence {||0n||}J^Li belongs to then (f) is said to be a com- 
pletely bounded map. Then naturally we can ask when {||0n||}5^i be- 
longs to F where 1 < p < oo. Since ||0i|| < ||02|| < H^sH < ■ • ■, there is 
no nonzero map such that {||0n||}5^i belongs to F. However, in the 
next section, we will introduce a new space, called a A^^-space to solve 
this problem. 



2. The A^p- Spaces 

Let V and W be abstract operator spaces. For a linear map (p : 
V ^ W and 1 < p < oo, we introduce a new norm \\(f)\\p and a space 
N^{V, W) in the following definition. 

Definition 2.1. Let V and W be abstract operator spaces. If (p : V 
W is a linear map and 1 < p < oo, then define a norm 



(2.1) UK = Y1 



n=l 



nP 



and let the space N^iV, W) be a vector space consisting of all linear 
maps (p : V ^ W for which \\(f)\\p < oo. 

We can easily see that equation (12.11) defines a norm on the N^iV, W)- 
spaces, and we call \\(p\\p the A^^-norm of (p. 
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Proposition 2.2. Let V and W be abstract operator spaces and (p : 
V —>■ W be a linear map. Then the following statements are true. 

(i) . If(pE NP{V, W) for some 1 < p < oo, then G Ni{V, W) for 
any q > p. Thus, 

(2.2) NP(V,W) C N'i{V,W) 

(ii) . If (j) : V ^ W is completely bounded, then (p ^ Np{V, W) for all 
p> 1. 

{Hi). If ||0„|| < n.P^^^'^ for some e > and n = 1,2,3,- • ■, then 
(p G NP{V,W). 

Proof, (i). Suppose that (/) G Np{V,W) and I < p < q. For any 
n = l,2,---, 



\\<Pn\\ ^ \\<Pn\ 



It follows that 



(2.3) Ul < 

Since (j) G Np{V,W), < oo. Thus, from inequality ([23]), H^H^ < 
oo, that is, (p G N'^{V, W) which proves the inclusion (12. 2p . 

(ii). li (p : V ^ W is completely bounded and \\(p\\^ = m, then 

n=l n=l 

Since 

oo ^ 

— < oo 

n=l 

for any p > 1, we conclude that (p G Np{V, W) for any p > 1. 
{Hi). If \\(pn\\ ^ nP~^'^ for some e > and n = 1, 2, 3, ■ ■ ■, then 



oo II , II oo 



= yMl<y^<oo. 

n=l n=l 

Thus, (p G NP{V,W). 

□ 

In fact, (p G NP{V, W) if and only if the sequence {^^^^^^}'^=i belongs 
to IP ioY 1 < p < oo. Thus, we can easily see that Proposition 12.21 (z) 
is true. 
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Proposition 2.3. ^ If V is an abstract operator space and (/? : V 
Mn is a linear map, then 



(2.4) \\ipn\ 



cb 



The set of linear maps from y to is denoted B{V, W) witli B{V, 
V) abbreviated B{V). 

Corollary 2.4. IfV is an abstract operator space and Lp : V ^ Mn is 

a linear map, then for p > 1, E N^{V, Mn) and 

oo ^ 

(2.5) ll^l<II^IL.E;^- 

n=l 

Furthermore, CB{V, Mn) = Np{V, Mn) = B{V, Mn) forp>l. 
Proof. By Proposition 12.31 

IIV^lll < \\V2\\ < ■ ■ ■ < W^nW = \\^n+l\\ = ■ ■ ■ = llv^llcfe • 

It follows that 

oo 11 11 oo II II oo ^ 

(2-6) MI, = E^SE^HMUE;!;- 

n=l n=l n=l 

By Proposition 12.31 and (12. 6p , we have 

CB{V, Mn) = NP{V, Mn) = B{V, Mn) for p > 1. 

□ 

In Proposition 12.31 if : ^ ^ C, then Hv^H^j, = \\(p\\ ([2]). Thus, we 
have the next Corollary. 

Corollary 2.5. IfV is an abstract operator space, then for p > 1, each 
(bounded) linear functional f : V ^ C belongs to Np{V,C) and 

Eoo J_ 
n=l nP ' 



Proposition 2.6. [1] Let V and W be abstract operator spaces and 
(p : V —>■ W be a linear map. Then 

(2.7) ||0n|| <ri||^l|. 

Proposition 2.7. Let V and W be abstract operator spaces. Then the 
following statements are equivalent : 

(i) (f) '■ V^W is a linear map, that is, 4> G B{y, W). 

(a) (p E N'P{V, W) for any p>2. 
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Proof, (i) ^ (ii) : By (ETD, 

(2.8) < M 

for any p > 2. From inequality (12. 8p . 

?i=l n=. 

for any p > 2. Since G i3(V, W^), we have 



oo 



nP 

n=l 



for any p > 2. From (12.91) . we conclude that (I) G Np{V,W) for any 
p>2. 

(ii) (i) : Since (j) G A^p( V, VT) for any p > 2, 



CXD II , II OO 



, = y:^ = ii</'iii+E^<^- 

P nP " " ^ nP 

n=l n=2 

It follows that ||0i|| = II0II is finite. Thus, (p G B{V, W). □ 

Theorem 2.8. Let V and W be abstract operator spaces and W be 
complete. Then the space B{V,W) with NP-norm is a Banach space 
for 2 < p < oo . 

Proof. By Proposition 12.71 it is sufficient to prove that NP{y.,W) is a 
complete metric space for 2 < p < oo. 

Fix p such that 2 < p < oo. Let be a Cauchy sequence in 

NP{y, W). By the definition of A^^-norm, 

Let e > be given. Since {ip{^k)}kLi ^ Cauchy sequence in NP{y, W), 
there exists a sufficiently large integer iV(e) > such that if n > A^(e) 
and m > N(e), then \\^P(n) — f{m)\\p < From (I2.10p . {ip(^k)}'kLi is also 
a Cauchy sequence in B{V, W). 

The completeness of B{V, W) implies that there isi/j E B(y, W) such 
that lim„_^oo V^(n) = ^- It follows that there exists a sufficiently large 
integer A^i(e) > such that if > A^i(e), then \\^{n) ~ V-^H < ^■ 

Since \\{(P{n) - '^)k\\ < k ||(/7(„) - ^|| for any A; = 1,2, if n > A^i(e), 
then 

mn) - i^ii = Ek=i - — p — - < 
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Eoo fc||y(n)-V'|| _ Y^oo ||y(n)-V'|| Y^oo e 

By our assumption (2 < p < oo), we have 

CXD ^ 

E- < OO. 

k=l 

Since e > is arbitrary, we have hm„^oo \ \v{n) ~ =0- By Propo- 
sition [221 ^ e NP{V, V^^) for 2 < p < oo. Thus, Np{V, W) is complete 
for 2 < j9 < oo. Note that by Proposition [221 B{V,W) = Np{V,W) 
for 2 < p < oo. It follows that the space B{V,W) with A'^^-norm is a 
Banach space for 2 < p < oo. □ 

From Proposition 12. 2( i) and Proposition 12. 7^ for every bounded map 
(f) : V ^ W, we can find a real number > 1 defined by 

= inf {p : (p G Np{V, W) and l<p< oo}. 

The number r,^ is called the index of 0. 

Theorem 2.9. Let V and W be be abstract operator spaces. If W is 
complete, then so is Np{V, W) for 1 < p < oo. 

Proof. Suppose that W is complete. Let {ip(^i)}'^^ be a Cauchy sequence 
in NP{V, W) for a fixed p G [1, oo) and e > be given. Then there is 
a natural number N[e) such that for all natural numbers n,m > N{e), 
we have 



(2.11) W(n)-V(m)\\p- -Tp <e- 

k=l 

By inequality ( ]2.10p . {v?(«)}i^i is also a Cauchy sequence in BiV^W). 
Since W is complete, so is B{y, W). It follows that there is a bounded 
operator (p G S(V^, VF) such that 

(2.12) lim - v?|| = 0. 

/— >oo 

Let A; G {1, 2, 3, ■ ■ ■} be given. It follows from ([2TB that 

||('/'(n) - </'(m))fc|| < kPe 

for all natural numbers n,m > N{e). Thus, for any v = [vij] G Mjs{V), 

(2.13) !!((/.( 

n) V-'(m) )fe('i^)|| < ||(V^W - V'(m))fc|| Ikll < kPe \\v\\ 

if n, m > A^(e). Since (p(^n){vij) converges to f{vij) in W, (I2.13p implies 
that 

(2.14) - nm))k{v)\\ < kPe\\v\\ 
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if m > A^(e). It follows from (^A^ that 

(2.15) \\{ip - v?(m))fc|| < k^e, 
if m > N{e). Since e is arbitrary, we have 

(2.16) lim \\{ip,rn) ~ '^)k\\ = lim lUip - ip(rn))k\\ = 
m—KyD m—roo 

for any A;G{1,2,3,---}. By triangle inequality, 

Wi^in) - V^(m))A:|| " \\i'^{n) - 'f)k\\ < ||(V^(m) " ^)k\\ 

and 

- \\i^{m) - ^)k\\ < Wi^in) - V^(m))fc|| " \\iVin) " V^)fe|| , 

that is, 

I \\iV^{n) - ^(m))k\\ - \\iV(n) " ^)k\\ \ < \\ifim) " ^)k\\ , 

from fl2.16p we have 

(2.17) lim \\{ip(n) - V5(m))fc|| = \\{f{n) - <f)k\\ 
m — >oo 

for any n and k in {1, 2, 3, ■ ■ •}. 

Let n > N{e) be given and {uk}'^=i be a sequence of functions defined 
on{l,2,3,---}by 

^fcM = k'p • 

Then YlT=i'^k is uniformly convergent on {1,2,3, ■ ■ ■}, since 
is a Cauchy sequence in N^iV, W). 

Thus, equation fl2.17p implies that if n > A^(e), then 



r II II r ^\\i^{n) - ^{m))k\\ -sr^ , 

hm \\ip^n) - V{m)\\„= hm > ^ ^= hm > Wfc 



oo 

'ml 



m— >oo ■ 

fc=l " k=l 



oo oo 11/ \ll ^11/ \l 

= y lim u,{m) = y lim W^^i^^ ' ^i-M ^ y feo^ 

-^m^oo ^ ^ ^m^oo kP ^ 

k=l k=l k=l 

that is, if n > A^(e) and p G [1, oo), 

(2.18) ^irn^ - (P(m)\\p = \\^{n) - ^\\p- 

From (12. lip and (12.180 . we can conclude that 

lim - (p\\ = 0, 

n^oo " "i^ 

and so — > in A^^-norm. 

Thus, there is a natural number no such that 

(2.19) ||<^(no) - <^||p < e, 
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and so by triangle inequality and an inequality (12.191) . we have 

II II _ llV^fcll ^ ||(¥^(no))fc - Vk\\ + ||(y^(no))fc|| 

k=l k=l 
= Ik(no) -V\\p + |k{no)||p < e+ ||v5(no)||p 

Since (p^no) ^ Np{V,W), i.e., ||</'(no)||p < oo, we have 

Thus, If G NP{V, W). Therefore, Np{V, W) is complete for 1 < p < oo. 

□ 
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